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Determination of the strength of the vector-type four-quark interaction
in the entanglement Polyakov-loop extended Nambu–Jona-Lasinio model
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We determine the strength Gv of the vector-type four-quark interaction in the entanglement Polyakov-loop
extended Nambu–Jona-Lasinio (EPNJL) model from the results of recent lattice QCD simulations with two-
flavor Wilson fermion. The quark number density is normalized by the Stefan-Boltzmann limit. The strength
determined from the normalized quark number density at a baryon chemical potential µ and temperature T
(which is higher than the pseudocritical temperature Tc of the deconfinement transition) isGv = 0.33Gs , where
Gs is the strength of the scalar-type four-quark interaction. We explore the hadron-quark phase transition in the
µ–T plane by using the two-phase model in which the quantum hadrodynamics model is used for the hadron
phase and the EPNJL model is used for the quark phase. When Gv = 0.33Gs , the critical baryon chemical
potential of the transition at zero T is µc ∼ 1.6 GeV, which accounts for two-solar-mass measurements of
neutron stars in the framework of the hadron-quark hybrid star model.
PACS numbers: 11.30.Rd, 12.40.-y, 21.65.Qr, 25.75.Nq
Introduction. Determining the QCD phase diagram is an
important subject in particle and nuclear physics, as well as
in cosmology and astrophysics. However, using lattice QCD
(LQCD) as a first-principle calculation presents a sign prob-
lem at finite baryon chemical potential µ. Several methods
were proposed to resolve this problem, such as the reweight-
ing method [1], the Taylor expansion method [2, 3], and the
analytic continuation from imaginary µ to real µ [4–10]. The
results are reliable for small µ; say, µ/T <∼ 3, where T is the
temperature. Very recently, remarkable progress toward larger
µ/T has been made with the complex Langevin method [11–
13] and the Lefschetz thimble theory [14, 15]. However, the
results are still far from the physics at µ/T =∞, as occurs in
nuclear matter and neutron stars.
In another important approach, one can consider effective
models such as the Polyakov-loop extended Nambu–Jona-
Lasinio (PNJL) model [16–22]. The PNJL model can treat the
confinement mechanism approximately and the chiral sym-
metry breaking. As for zero T , the chiral and deconfinement
transitions coincide with each other in LQCD simulations, but
not in the PNJL model, when the model parameters are set
to the realistic transition temperature Tc [21]. This problem
was solved by introducing the Polyakov-loop dependent four-
quark interaction to the PNJL model [23, 24]. This model is
called the entanglement-PNJL (EPNJL) model. The EPNJL
model also accounts for the phase structure calculated with
LQCD at imaginary µ [7, 8] and real isospin chemical poten-
tial [25]. Very recently, Ishii et al. [26] showed that the EPNJL
model reproduces the meson screening masses on tempera-
ture, as calculated with LQCD [27].
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Since baryons are not treated in NJL-type models, a plausi-
ble approach is to take the two-phase model in which two dif-
ferent models are used between the hadron and quark phases
to analyze the hadron-quark transition. In NJL-type models
for the quark phase, the stiffness of the equation of state (EoS)
is sensitive to the strength Gv of the vector-type four-quark
interaction [28, 29]. Reference [30] shows that the condi-
tion Gv ≥ 0.03Gs is necessary for neutron stars (NSs) to
have masses larger than two solar masses (2M⊙), where Gs
is the strength of the scalar-type four-quark interaction. If
Gv < 0.03Gs, the EoS for the hadron phase is softened by the
hadron-quark transition before exceeding two solar masses.
The value of Gv is thus quite important to explain the ob-
served 2M⊙ NSs [31, 32].
Sakai et al. [33] estimated the strength of Gv from two-
flavor LQCD results [4, 6] for the deconfinement transition
line at the imaginary chemical potential by using the PNJL
model with the vector-type four-quark and scalar-type eight-
quark interactions in addition to the scalar-type four-quark
interaction. Applying the mean-field approximation reduces
the scalar-type four- and eight-quark interactions to a scalar-
type four-quark interaction with an effective strength G∗s .
They suggested that Gv/G∗s ≈ 0.8. A similar analysis
based on the nonlocal PNJL model suggests that Gv/Gs ≈
0.4 [34]. Recently, using the PNJL-like model, Steinheimer
and Schramm [35] estimated the strength of Gv from three-
flavor LQCD results [36] for the quark number susceptibility,
and concluded that Gv is nearly zero. Meanwhile, Lourenco
et al. estimated the strength of Gv by comparing the PNJL
model with the two-phase model for the hadron-quark phase
transition and suggested that 1.52 . Gv/Gs . 3.2 [37]. The
strength of Gv is thus undetermined.
Because previous analyses are mainly based on LQCD sim-
ulations with the Kogut-Susskind fermion, we determine in
this brief report the strength of Gv in the EPNJL model from
the results of recent two-flavor LQCD simulations [3] with the
Wilson fermion at T > Tc and small µ/T . The quark num-
ber density nq is sensitive to the strength of Gv, but is µ odd
2and thus tiny for small µ. It is then convenient to consider the
quark number density normalized by the Stefan-Boltzmann
(SB) limit, nq/nSB. The normalized quark number density is
µ even and thus finite even in the limit of µ = 0. It hardly
depends on µ in the region µ/T <∼ 1 where LQCD data [3]
are available. The ratio nq/nSB is considered to be more re-
liable in the vicinity of µ = 0, because the results there are
obtained with the Taylor-expansion method. Therefore, we
consider the ratio nq/nSB in the limit µ → 0 to estimate the
strength of Gv. We show herein that the strength of Gv thus
determined is Gv = 0.33Gs and is not so small.
We also draw the hadron-quark transition line in the µ-T
plane by using the two-phase model composed of the EPNJL
model with the vector-type interaction for the quark phase
and the quantum hadrodynamics (QHD) model for the hadron
phase. We evaluate the critical baryon chemical potential µc
of the transition at T = 0 and discuss whether the result for
µc is consistent with observations of 2M⊙ NSs.
EPNJL model for quark phase. We add the vector-type
four-quark interaction to the isospin-symmetric two-flavor
EPNJL model [23, 24]. The Lagrangian density is
LEPNJL =q¯(iγ
µDµ −m0)q + G˜s(Φ)[(q¯q)
2 + (q¯iγ5~τq)
2]
− G˜v(Φ)(q¯γµq)
2 − U(Φ[A], Φ∗[A], T ), (1)
where q is the quark field, m0 is the current quark mass, and ~τ
is the isospin matrix. As a characteristic of the EPNJL model,
the coupling constants G˜s(Φ) and G˜V (Φ) of the scalar- and
vector-type four-quark interactions depend on the Polyakov-
loop Φ,
G˜s(Φ) = Gs
[
1− α1ΦΦ
∗
− α2
(
Φ3 + Φ∗3
)]
, (2)
G˜v(Φ) = Gv
[
1− α1ΦΦ
∗ − α2
(
Φ3 + Φ∗3
)]
,
(3)
where Dµ = ∂µ + iAµ for Aµ = gδµ0 (A0)aλa/2 =
−igδµ0 (A4)aλa/2, A
µ
a is the gauge field, λa is the Gell-Mann
matrix, and g is the gauge coupling. Eventually, the NJL sec-
tor has five parameters (m0, Gs, Gv, α1, α2). In the present
parametrization, the ratio G˜v(Φ)/G˜s(Φ) is independent of Φ,
and G˜s(Φ) = Gs and G˜v(Φ) = Gv at T = 0 where Φ = 0.
When α1 = α2 = 0, the EPNJL model reduces to the PNJL
model.
In the EPNJL model, only the time component of Aµ is
treated as a homogeneous and static background field. This
parameter is governed by the Polyakov-loop potential U . The
Polyakov-loopΦ and its conjugate Φ∗ are then obtained in the
Polyakov gauge as
Φ =
1
3
trc(L), Φ
∗ =
1
3
trc(L
†), (4)
whereL = exp[iA4/T ] = exp[iDiag(A114 , A224 , A334 )/T ] for
the classical variablesAii4 satisfyingA114 +A224 +A334 = 0. We
use the logarithm-type Polyakov-loop potentialU of Ref. [22].
The parameter set in U is fit to reproduce LQCD data at fi-
nite T in the pure gauge limit. The potential U yields the
first-order deconfinement phase transition at T = T0. In the
pure gauge limit, LQCD reveals a phase transition at T =
270 MeV. Thus, the parameter T0 is often set to 270 MeV;
however, with this value of T0, the EPNJL model yields a
larger Tc for the deconfinement transition than the full-LQCD
prediction Tc = 173 ± 8 MeV [38–40]. We thus rescale T0.
The EPNJL model with T0 = 190 MeV and α1 = α2 = 0.2
reproduces well the full LQCD results for the deconfinement
and chiral transition lines at zero and imaginary µ [23]. As
mentioned above, the parameter α3 ≡ Gv/Gs is determined
from the full LQCD results for nq/nSB in the limit µ→ 0.
For the NJL sector, we take the same parameter set as in
Ref. [23] except for the current quark mass m0. The LQCD
simulations of Ref. [3] were done on a 4×163 lattice with two-
flavor clover-improved Wilson quark action along the line of
constant physics of mpi/mρ = 0.65 and 0.8 for π- and ρ-
meson masses mpi and mρ, respectively. The corresponding
vacuum values of mpi are 500 MeV and 616 MeV, and the pa-
rameters refit to these values arem0 = 72 MeV and 130 MeV.
The mean field approximation to Eq. (1) leads to the ther-
modynamic potential (per unit volume) of
ΩEPNJL
= UM + U − 2Nf
∫
d3p
(2π)3
[
3E
+
1
β
ln [1 + 3(Φ+ Φ∗e−β(E−µ˜q))e−β(E−µ˜q) + e−3β(E−µ˜q)]
+
1
β
ln [1 + 3(Φ∗ + Φe−β(E+µ˜q))e−β(E+µ˜q) + e−3β(E+µ˜q)]
]
,
(5)
whereE =
√
p2 +M2,M = m0−2G˜sσ, µ˜q = µq−2G˜vnq,
UM = G˜sσ
2 − G˜vn
2
q , Nf is the number of flavors, and the
quark chemical potential µq is related to the baryon chemical
potential µ as µ = 3µq.
Figures 1(a) and 1(b) show the T dependence of nq/nSB in
the limit µq → 0 for m0 = 72 MeV and m0 = 130 MeV,
respectively. In model calculations, nq is divided by the SB
limit in the continuum theory. In LQCD simulations [3], nq is
normalized by the lattice SB limit to eliminate finite-volume
effects. The dotted and solid lines represent the EPNJL results
with Gv = 0 and Gv = 0.33Gs, respectively. In the region
1 < T/Tc <∼ 1.2, the nq/nSB depends weakly on the strength
of Gv. It is thus not easy to precisely determine the strength
for T near Tc. This implies that the phase-transition line is not
a good quantity to determine the strength. One can see from
the region T/Tc >∼ 1.2 that Gv = 0.33Gs is the best value to
explain the LQCD results. Good consistency results for both
m0 = 72 and 130 MeV; therefore, the ratio α3 = Gv/Gs
depends only weakly on the value of m0.
The dashed line represents the result of the EPNJL model
with Gv = 0.33Gs in which m0 is set to the physical value
5.5 MeV. The dashed line is consistent with the solid line and
with LQCD data for T/Tc >∼ 1.7, where m0/T is negligibly
small. This result means that the strength of Gv is clearly
determined from LQCD data for T/Tc >∼ 1.7, even if m0 is
larger than 5.5 MeV in the LQCD calculations.
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Fig. 1: The ratio nq/nSB as a function of temperature in the limit
µ → 0 for (a) m0 = 72 MeV and (b) m0 = 130MeV. LQCD data
in panels (a) and (b) are taken from the cases of mpi/mρ = 0.65
and 0.8 in Ref. [3], respectively. The dotted and solid lines denote
the results of the EPNJL model with Gv = 0 and Gv = 0.33Gs ,
respectively, and the dashed line represents the result of the EPNJL
model with Gv = 0.33Gs and m0 = 5.5 MeV. We take the full
QCD prediction as Tc
QHD model for hadron phase. We now explore the hadron-
quark transition by using the value of Gv determined above.
Because the EPNJL model is designed to treat the decon-
finement transition only approximately, the hadron degrees of
freedom are not correctly included in the model. We thus use
the two-phase model in which the transition line is determined
from the Gibbs criteria. For the hadron phase, we use the
quantum QHD model of Ref. [41]. The Lagrangian density is
LQHD = ψ¯(iγ
µ∂µ −mN − gσϕ− gωγ
µωµ)ψ +
1
2
∂µϕ∂µϕ
−
1
4
(∂µων − ∂νωµ)(∂µων − ∂νωµ)− UQHD, (6)
UQHD =
1
2
m2σϕ
2 +
1
3
g2ϕ
3 +
1
4
g3ϕ
4
−
1
2
m2ωω
µωµ, (7)
where ψ, ϕ, ωµ, mN , mσ , and mω are nucleon (N), σ-meson
and ω-meson fields, and their masses, respectively, whereas
gσ, gω, g2, and g3 are σ-N, ω-N, and higher-order couplings,
respectively. The mean field approximation to Eq. (6) thus
yields the following thermodynamic potential (per unit vol-
ume):
ΩQHD = UQHD(ϕ, ω0)− 2
∑
N=p,n
∫
d3p
(2π)3
[
1
β
ln [1 + e−β(EN−µ
∗)] +
1
β
ln [1 + e−β(EN+µ
∗)]
]
, (8)
for EN =
√
p2 +m∗N
2 with m∗N = mN + gσϕ, µ∗ =
µ− gωω0. The meson fields were replaced by constant values
in Eq. (8) so that the spatial components of ωµ and all the
kinetic terms vanished. Unlike in Eq. (5), the vacuum con-
tribution term is not included in Eq. (8), because the effects
were already included in the physical hadron masses and cou-
plings in the Lagrangian (6). We use the NL3 set [41] as the
parameter set of the QHD model. For the quark phase, we use
the EPNJL model with m0 = 5.5 MeV and Gv = 0.33Gs.
The Gibbs criteria dictate that the phase with higher pres-
sure occurs between two phases. At T = µ = 0, the pressure
PQHD = −ΩQHD for the hadron phase is zero by definition,
whereas the pressure PEPNJL = −ΩEPNL for the quark phase
is finite because of the vacuum term. To eliminate the ambi-
guity due to the vacuum term, we replace PEPNJL by
P˜EPNL(T, µ) = PEPNL(T, µ)− PEPNL(0, 0)−B, (9)
which introduces the bag constant B with P˜EPNJL = −B
at T = µ = 0. The value of B is determined to reproduce
the LQCD prediction of the pseudocritical temperature of the
deconfinement transition at µ = 0.
Figure 2 shows the phase diagram in the µ-T plane for
the hadron-quark phase transition. The two-phase model with
Gv = 0.33Gs (solid line) shows that the critical baryon chem-
ical potential of the transition at T = 0 is µc ∼ 1.6 GeV. This
value is just above the lower bound µc ∼ 1.6 GeV to account
for the observations of 2M⊙ NSs [30]. When Gv = 0, the
critical value at zero T is shifted down to µc ∼ 1.3 GeV, as
shown by the dotted line. The contribution of the vector-type
four-quark interaction is thus quite significant.
Summary. We determined the strength Gv of the vector-
type four-quark interaction in the EPNJL model by using the
results of LQCD simulations with two-flavor clover-improved
Wilson quark action at small µ/T . The results indicate that
Gv/Gs ∼ 0.33 best reproduces LQCD data for the normal-
ized quark number density nq/nSB for small µ and T/Tc >
1.2. The value of Gv appears to be almost independent of the
current quark mass because the EPNJL model with Gv/Gs =
0.33 simultaneously accounts for two types of LQCD data:
one with mpi/mρ = 0.65 and the other with mpi/mρ = 0.8.
The ratio Gv/Gs = 0.33 is consistent with the result
Gv/Gs = 0.4 obtained from the phase diagram for imagi-
nary µ with the nonlocal PNJL model [34] and is not far from
the ratio Gv/Gs = 0.5 calculated with a local version of the
gluon exchange interaction model [42].
Using Gv = 0.33Gs, we explored the hadron-quark phase
transition in the µ–T plane. The critical baryon chemical po-
tential of the transition at T = 0 is µc ∼ 1.6 GeV and is just
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Fig. 2: Phase diagram in µ-T plane for hadron-quark phase transi-
tion. The solid and dotted lines show the results of the two-phase
model with Gv = 0.33Gs and Gv = 0, respectively. In the EP-
NJL model, we use m0 = 5.5MeV. We take the approximation of
Φ = Φ∗
above the lower bound µc ∼ 1.6 GeV to account for observa-
tions of 2M⊙ NSs. We therefore conclude that the QCD phase
diagram drawn with the present two-phase model is consistent
with LQCD data at small µ/T and with observations of 2M⊙
NSs at µ/T =∞.
To obtain more robust information on Gv, we plan to an-
alyze the µ dependence of the ratio nq/nSB more precisely
for imaginary µ by using LQCD simulations with two-flavor
Wilson fermion.
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